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[TponssoaHas

PaccmoTpum dpyrkumto f(x) n 3adpukcupyem
TOYKY Xp. B okpecTHOCTU To4kM Xy Bbibepem

NPON3BOJILHYIO TOYKY Xi. loraa
Ax = x1 — Xxg
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[TponssoaHas

PaccmoTpum dpyrkumto f(x) n 3adpukcupyem
TOYKY Xp. B okpecTHOCTU To4kM Xy Bbibepem
NPOU3BOILHYIO TOYKY Xi. 10rAa

Ax = x; — Xg - NpUpaLLeHne apryMeHTa X npw
nepexoAe OT TOYKM Xg K TOYKe Xq,

Af = f(Xl) — f(Xo) = f(Xo + AX) — f(X())
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[TponssoaHas

PaccmoTpum dpyrkumto f(x) n 3adpukcupyem
TOYKY Xp. B okpecTHOCTU To4kM Xy Bbibepem
NPON3BO/IbHYIO TOYKY X1. OrAa

Ax = x; — Xg - NpUpaLLeHne apryMeHTa X npw
nepexoAe OT TOYKM Xg K TOYKe Xq,

Af = f(Xl) — f(Xo) = f(Xo + AX) — f(X()) -

npupaterne dyHkuyum f(x) B Touke xp.
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[TponssoaHas

Onpegenerne
MycTb dbyHkums f(x) onpepeneHa B HekoTopoi
OKpecTHoCTn Touku Xp. [ponsBoagHon
cyHkunu f(x) B ToUke Xy Ha3bIBaeTCs

f(xo + Ax) — f(xo) Af
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[TponssoaHas

Onpegenerne

MycTb dbyHkums f(x) onpepeneHa B HekoTopoi
OKpecTHoCTn Touku Xp. [ponsBoagHon
cyHkunu f(x) B ToUke Xy Ha3bIBaeTCs

f(xo + Ax) — f(xo) . Af

[im = |lim —.
Ax—0 Ax Ax—0 Ax

df(Xo)
dx
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OboszHayvenme: f'(xp),
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Ecan
li Af +
im — = 00, +00, —00
Ax—0 Ax ’ ’ ’

TO FoBOPAT, 4TO B TOYKE Xp CYLLECTBYET
beckoHe4Has npomn3sogHas.
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Onpegenexne
[MpaBocTOpOHHE NPON3BOAHON yHKLMN
f(x) B Touke xp Ha3blBaeTCA

i Af
im —
Ax—0+0 AXx

ObozHayenne: £} (xp).

MA, Mogynb 3, Jlekyusa 3.1



[TponssoaHas

Onpeaenerue
J1eBOCTOpPOHHEW NPON3BOAHON DYHKLUY
f(x) B Touke xp Ha3blBaeTCs

’ Af
m _
AXI—>O—O Ax

MA, Mogynb 3, Jlekuuns 3.1 7/ 35



[TponssoaHas

Onpeaenerue
J1eBOCTOpPOHHEW NPON3BOAHON DYHKLUY
f(x) B Touke xp Ha3blBaeTCs

’ Af
m _
AXI—>O—O Ax

ObozHauerne: f/(xp).
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OnpeneneHne

[1paBOCTOPOHHSISI 1 JIEBOCTOPOHHSISI MPON3BOAHbIE
Ha3bIBAtOTC O4HOCTOPOHHUMM
NPON3BOAHbLIMW.

MA, Mogynb 3, Jlekyusa 3.1
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C 1BYCTOPOHHENT)
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Teopema (0 cBSI3U OJHOCTOPOHHUX MPON3BOAHbIX
C 1BYCTOPOHHENT)

I (x0) = A < IF(x0) = A, f(x0) = A.
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Onpeaenerune
[Tpouecc HaxoXAeHUsi NPON3BOAHOW Ha3bIBAETCS

andpdepeHymnpoBaHnem.
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[eOMeTpUYECKU CMbICA NPOVN3BOAHON

Mycts f(x) € C(x0), f'(x0) # 0.

Yepes Toukn My(xo, vo) u Mi(x1, y1), rae
yo = f(x0) n y1 = f(x1), npoBegem cekyuyto
MoM; rpacbrka dpyrkumm y = f(x). Ycrpemns
Touky My k Touke My, Mbl NepeBegemM CeKyLLYHO
MoM; B npsimyto (), koTopasi B OKPeCTHOCTH
TOYKN Xg DYAET UMETb C rpacpukom PyHKLNN
f(x) Tonbko opHy 0bLLytO TOUKY.
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Onpegenerne

[1penensHoe nonoxxeHue cekyuleit MyMy, korga
M; — Mjy, Ha3biBaeTCca HAKJIOHHOW
KacaTesibHOW Kk rpaduky cpyHkunu f(x) 8
TOYKE Xp.
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[eOMeTpUYECKU CMbICA NPOVN3BOAHON

KoadpdpuumenTsl ypasHenus y = kx + b cekyluel
MyM; naxoanm us ycnosuii
yo=kxo+bwny =kxq+b.
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[eOMeTpUYECKU CMbICA NPOVN3BOAHON

KoadpdpuumenTsl ypasHenus y = kx + b cekyluel
MyM; naxoanm us ycnosuii
yo=kxo+bwny =kxq+b.

OTkyna nonydaem

Af
Ycek = B(X - XO) + Yo,

roe Af = y1 — yo, Ax = x1 — Xp.
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[lepexognm B 3TOM ypaBHeHUW K Npeaesny npu
x1 — xg wan Ax — 0:
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x1 — xg wan Ax — 0:

: . Af
lim yeex = lim A—(X —x0) + Y0 |-

Ax—0 Ax—0 X
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[lepexognm B 3TOM ypaBHeHUW K Npeaesny npu
x1 — xg wan Ax — 0:

! _ Af( )
'mOYCeK— Im A—X—XO + Y |-

Ax— Ax—0 X
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MA, Mogynb 3, Jlekuuns 3.1 15 / 35



[eOMeTpUYECKU CMbICA NPOVN3BOAHON

[lepexognm B 3TOM ypaBHeHUW K Npeaesny npu
x1 — xg wan Ax — 0:

i _ Af( )+
Ao Y T AN L A T 0 TN

T.K. X, Xp, Yo He 3aBUCAT OT Xy, TO

l l Af ( ) +
aso 7 T Do Ax ) T )T
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[lo onpepeneHuto
Af
f' = lim —.
() Ax50 Ax
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[eOMeTpUYECKU CMbICA NPOVN3BOAHON

[lo onpepeneHuto
Af
f' = lim —.
() AxS0 Ax
Torpa

lim yeex = f/(XO)(X — X0) + Yo.
Ax—0
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[lo onpepeneHuto

Af
! = —
(o) = Jim A
Torpa
AI)'(mOYCeK = '(x0)(x — x0) + o.
Obo3Haune

lim )’ceK = Ykac,
Ax—
nony4aem ypaBHeHme KacaTesIbHO

Ykac = f/(XO)(X — XO) -+ Y-
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OTkyna cnefyeT reoOMeTpuyYecKnii CMbicl
KOHEYHOW MPON3BOLHOIN:

f'(xo0) = tg a,
rOe (v - Yyrosl Hak/OHa KacaTesbHON K rpadpuky
cpyHkunm f(x) B Touke Xp -
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OnpeneneHne

PyHkums y = f(x) Haswbiaetcs aunddpe-
PEHLNPYEMOW B TOYKE Xy, ECIN €€ NpupaLleHne
Af B 3TOI TOYKE MOXHO NPeACTaBUTbL B BUJE:

Af = A- Ax + o(Ax), Ax — 0,

rae A - noctosiHHas, Ax = x — xg, Af = f(x) —
f(Xo).
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OnpeneneHne

PyHkums y = f(x) Haswbiaetcs aunddpe-
PEHLNPYEMOW B TOYKE Xy, ECIN €€ NpupaLleHne
Af B 3TOI TOYKE MOXHO NPeACTaBUTbL B BUJE:

Af = A- Ax + o(Ax), Ax — 0,

rae A - noctosiHHas, Ax = x — xg, Af = f(x) —

f(Xo).
ObozHauenue: f(x) € D(xp)
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[nddbepermpyeMocTs MyHKLUY

OnpeneneHne

PyHkums y = f(x) Haswbiaetcs aunddpe-
PEHLNPYEMOW B TOYKE Xy, ECIN €€ NpupaLleHne
Af B 3TOI TOYKE MOXHO NPeACTaBUTbL B BUJE:

Af = A- Ax + o(Ax), Ax — 0,

rae A - noctosiHHas, Ax = x — xg, Af = f(x) —
f(Xo).

ObosHauenue: f(x) € D(xp) - dpyHKUms
f(x) puddepeHumpyema B ToUke Xg.
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[nddbepermpyeMocTs MyHKLUY

Teopema (06 akBuBaneHTHOCTU AUbhepeHynpye-
MOCTU U CyLECTBOBAHUS MPON3BOZHOMN)*

f(x) € D(xo) & 3f'(x0).

MA, Mogynb 3, Jlekyusa 3.1
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LlokazaTenbcTso
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LlokazaTenbcTso

1) HeobxoaumocTs (=)
Hano: f(x) € D(x)
HokazaTe: 3f'(xg)
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f(x) € D(x)
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f(x) € D(x)
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f(x) € D(x)
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f(x) € D(x)
Af =A-Ax+o(Ax) :Ax
Af o(Ax)
= _A
Ax * Ax
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[nddbepermpyeMocTs MyHKLUY

f(x) € D(x)
Af =A-Ax+o(Ax) :Ax
Af o(AX)
20 4
& b
im =2 = A+ lim -
Ax—0 Ax Ax—0 X
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Af
im — =A
A|>I<T>0 Ax

' (xo)
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- Af
Am oA A
I
3 (x) = A.

MA, Mogynb 3, Jlekuuns 3.1 22 / 35



[nddbepermpyeMocTs MyHKLUY

2) mocTaTo4HOCTL (<=)
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2) mocTaTo4HOCTL (<=)
Nano: 3f'(xo)
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[nddbepermpyeMocTs MyHKLUY

2) mocTaTo4HOCTL (<=)
Nano: 3f'(xo)
Hokazate: f(x) € D(x)
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[nddbepermpyeMocTs MyHKLUY

I’ (x)
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Af
3f'(x0) = 3 lim —

Ax—0 A x
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Af
3f'(x0) = 3 lim —

Ax—0 AXx

Af
im — = A.
e i, 3
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[nddbepermpyeMocTs MyHKLUY

Af

3f 3 lim —.
(o) = AAJI;EOAX
[lyctb lim — = A,

Ax—0 AXx
[To Teopeme 0 CBA3M DYHKLUN, ee npejena u

DeCcKOHEeYHO Manom
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Af
3f/ = 3 |lim —.
(XO) AA:’;EO Ax
[ im — = A.
YT A0 Ax
[To Teopeme 0 CBA3M DYHKLUN, ee npejena u

DEeCKOHEYHO Manom

B = A + CY(AX),
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[nddbepermpyeMocTs MyHKLUY

Af
3f'(x0) = 3 lim —

Ax—0 AXx

Af
[lycte lim — = A.
y Ax—0 AX
[To Teopeme 0 CBA3M DYHKLUN, ee npejena u

DEeCKOHEYHO Manom

f'
v A+ a(Ax), rae aAx) - beckoHeuHO
X

Manas npu Ax — 0.
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[nddbepermpyeMocTs MyHKLUY

Af
3f'(x0) = 3 lim —

Ax—0 AXx

[Tycts lim — = A.
y Ax—0 AX
[To Teopeme 0 CBA3M DYHKLUN, ee npejena u

DEeCKOHEYHO Manom

A
v A+ a(Ax), rae aAx) - beckoHeuHO
X

Manas npu Ax — 0.
Otcropga Af =
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[nddbepermpyeMocTs MyHKLUY

Af
3f'(x0) = 3 lim —

Ax—0 AXx

[Tycts lim — = A.
y Ax—0 AX
[To Teopeme 0 CBA3M DYHKLUN, ee npejena u

DEeCKOHEYHO Manom

A
v A+ a(Ax), rae aAx) - beckoHeuHO
X

Manas npu Ax — 0.
OTtcropa Af = A- Ax + o(Ax) - Ax.
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’ a(Ax) - Ax
Ao Ax B
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[nddbepermpyeMocTs MyHKLUY

. af(Ax)-Ax B
AT ax a0
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lim a(Ax) - Ax = lim a(Ax) =0

Ax—0 Ax Ax—0
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[nddbepermpyeMocTs MyHKLUY

lim a(Ax) - Ax = lim a(Ax) =0

Ax—0 Ax Ax—0

= a(Ax) - Ax = o(Ax),Ax = 0
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[nddbepermpyeMocTs MyHKLUY

. af(Ax)-Ax B
AT ax Al A0

= a(Ax) - Ax = o(Ax),Ax = 0
— Af = A- Ax + o(Ax)
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[nddbepermpyeMocTs MyHKLUY

. af(Ax)-Ax B
L VL
= a(Ax) - Ax = o(Ax),Ax = 0
— Af = A- Ax + o[ Ax)
= f(x) € D(xp).

B
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Teopema (o HenpepbIBHOCTU AncbhepeHLnpyemoi
pyHkyn)*
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[nddbepermpyeMocTs MyHKLUY

Teopema (o HenpepbIBHOCTU AncbhepeHLnpyemoi
pyHkyn)*

f(x) € D(xp) = f(x) € C(x).

MA, Mogynb 3, Jlekyusa 3.1



[nddbepermpyeMocTs MyHKLUY

LlokazaTenbCcTBo
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LlokazaTenbCcTBo

f(x) € D(xp)
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[nddbepermpyeMocTs MyHKLUY

LlokazaTenbCcTBo
f(x) € D(x) = Af = A- Ax + o(Ax)
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[nddbepermpyeMocTs MyHKLUY

LlokazaTenbCcTBo
f(x) € D(x) = Af = A- Ax + o(Ax)

lim Af =
Ax—0
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[nddbepermpyeMocTs MyHKLUY

LlokazaTenbCcTBo
f(x) € D(x) = Af = A- Ax + o(Ax)

lim Af = lim (A-Ax + o(Ax)) =
Ax—0 Ax—0
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LlokazaTenbCcTBo
f(x) € D(x) = Af = A- Ax + o(Ax)
=0

lim Af = lim (A- Ax + o(Ax))
Ax—0 Ax—0
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[nddbepermpyeMocTs MyHKLUY

LlokazaTenbCcTBo
f(x) € D(x) = Af = A- Ax + o(Ax)
=0

lim Af = lim (A- Ax + o(Ax))
Ax—0 Ax—0

= f(X) c C(Xo).
|
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[nddbeperymnan dyHkunn

Mycts f(x) € D(xp).

MA, Mogynb 3, Jlekyusa 3.1



[nddbeperymnan dyHkunn

Mycts f(x) € D(xg). Toraa
Af = AAx + o(Ax), Ax — 0.
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[nddbeperymnan dyHkunn

Mycts f(x) € D(xg). Toraa
Af = AAx + o(Ax), Ax — 0.

OnpeneneHne
Jlnneiinas dpyHkums AAx HasbiBaeTcs

avndbdepeHuymnanom dyrkunn f(x) B Touke
X0.
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[nddbeperymnan dyHkunn

Mycts f(x) € D(xg). Toraa
Af = AAx + o(Ax), Ax — 0.

OnpeneneHne

Jlnneiinas dpyHkums AAx HasbiBaeTcs
avndbdepeHuymnanom dyrkunn f(x) B Touke
X0.

Obo3zHauenne: df (xg)
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[nddbeperymnan dyHkunn

Panee 6bin0 nokasato, 4to A = f'(x).
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[nddbeperymnan dyHkunn

Patee bbino nokasaHo, 4to A = f/(xg). B cBoro
o4yepelb NpUpaLleHne HeE3aBUCMOW NEPEMEHHON
Ax 4acTto 0bo3Ha4atoT Kak dx.
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df(Xo) =
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Patee bbino nokasaHo, 4to A = f/(xg). B cBoro
o4yepelb NpUpaLleHne HeE3aBUCMOW NEPEMEHHON
Ax 4acTo obo3sHavaroT kak dx. Toraa

df(Xo) = f/(Xo)AX
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[nddbeperymnan dyHkunn

Patee bbino nokasaHo, 4to A = f/(xg). B cBoro
o4yepelb NpUpaLleHne HeE3aBUCMOW NEPEMEHHON
Ax 4acTo obo3sHavaroT kak dx. Toraa

df(xo) = f'(x0)Ax = f'(xp)dx.
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[nddbeperymnan dyHkunn

Patee bbino nokasaHo, 4to A = f/(xg). B cBoro
o4yepelb NpUpaLleHne HeE3aBUCMOW NEPEMEHHON
Ax 4acTo obo3sHavaroT kak dx. Toraa

df(xo) = f'(x0)Ax = f'(xp)dx.
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[nddbeperymnan dyHkunn

[Tpumep:
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[Tpumep:
f(x) = x> x =1,
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[nddbeperymnan dyHkunn

[Tpumep:
f(x) = x> x =1,
f'(x) =3x%,f'(1) =3

MA, Mogynb 3, Jlekuuns 3.1 30 / 35



[nddbeperymnan dyHkunn

[Tpumep:

f(x) = x> x =1,

f'(x) =3x%,f'(1) =3

= df (1) = f'(1)dx = 3dx.
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[eomeTpryeckunii cMmbica guddepeHumana
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[eomeTpryeckunii cMmbica guddepeHumana

v A fx)
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[eomeTpryeckunii cMmbica guddepeHumana
v A fix)

| ——--
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-Af
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[eomeTpryeckunii cMmbica guddepeHumana

Ecnn Af - 310 npupawenne dynkunn, to df -
5TO MpUpaLLeHe KacaTesbHOW K rpadpnky yHK-
um f(x) B TOUKe Xp NMPU U3MEHEHWUU apryMeHTa
Ha Ax.
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[eomeTpryeckunii cMmbica guddepeHumana

[lockonbKy
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[eomeTpryeckunii cMmbica guddepeHumana

[lockonbKy

AT df
At df
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[eomeTpryeckunii cMmbica guddepeHumana

[lockonbKy

. Af —df _ o(Ax)

im — = |lim ———— =
Ax—0  df Ax—0 '(xg) Ax
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[lockonbKy
. Af —df _ o(Ax)
im — = |lim ———— =
Ax—0  df Ax—0 '(xg) Ax
1 ’ o(Ax)

f'(x0) ax—0  Ax
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[eomeTpryeckunii cMmbica guddepeHumana

[lockonbKy
. Af —df _ o(Ax)
im — = |lim ———— =
Ax—0  df Ax—0 '(xg) Ax
1 o(Ax)

= [im

=0
f'(x0) ax—0  Ax ’
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[eomeTpryeckunii cMmbica guddepeHumana

[lockonbKy
. Af —df o(Ax)
im — = |lim ——— =
Ax—0  df Ax—0 f'(x0)Ax
1 A
jim 28X g

 f(x) ax—0  Ax
TO, YeM MeHblUe npupalleHune aprymenta Ax,

Tem DaMXKe 3HaveHne audbdeperumana K
3HAYEHUIO NpUpaLleHnst yHKLNN,

MA, Mogynb 3, Jlekuuns 3.1 33 /35



/lHBapraHTHOCTL dhopmbl
andpdeperLmana
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/lHBapraHTHOCTL dhopmbl
andpdeperLmana

f(x) = v(u(x)) - cnoxHas dpyHkuUms,
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f(x) = v(u(x)) - cnoxHas dpyHkuUms,
U - MPOMEXYTOYHAsH NepeMeHHasl,
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/lHBapraHTHOCTL dhopmbl
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f(x) = v(u(x)) - cnoxHas dpyHkuUms,
U - MPOMEXYTOYHAsH NepeMeHHasl,
X - HE3aBNCMMasi NepeMeHHasi,

up = u(xo)
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/lHBapraHTHOCTL dhopmbl
andpdeperLmana

f(x) = v(u(x)) - cnoxHas dpyHkuUms,
U - MPOMEXYTOYHAsH NepeMeHHasl,
X - HE3aBNCMMasi NepeMeHHasi,

up = u(xo)

df (xo) = f'(x0)dx
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/lHBapraHTHOCTL dhopmbl
andpdeperLmana

f(x) = v(u(x)) - cnoxHas dpyHkuUms,
U - MPOMEXYTOYHAsH NepeMeHHasl,
X - HE3aBNCMMasi NepeMeHHasi,

up = u(xo)

df (xo) = f'(x0)dx = v'(up)u'(x0)dx
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/lHBapraHTHOCTL dhopmbl
andpdeperLmana

f(x) = v(u(x)) - cnoxHas dpyHkuUms,
U - MPOMEXYTOYHAsH NepeMeHHasl,
X - HE3aBNCMMasi NepeMeHHasi,

up = u(xo)

df (xo) = f'(x0)dx = v'(up) v/ (x0)dx = v'(up)du
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/lHBapraHTHOCTL dhopmbl
andpdeperLmana

Hudppeperyman df BbIrNSANMT OAMHAKOBO, He3a-
BUCUMO OT TOTO, MO KAKOW MEPEMEHHOV (He3aB|/|—
CUMOIi X WIN MPOMEXYTOHHON U) OH CHUTAETCS.
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