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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

Teopema (Teopema Pepma)*
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

Teopema (Teopema Pepma)*

Ecnn dbyHkuna onpeaeneHa B HEKOTOPOI
OKPECTHOCTW TOYKU C, NPUHUMAET B 3TON TOYKE
HanboNbLIEe UM HaUMEHbLUEE 3HAYeHne N NMeeT
B HEl KOHEYHYIO UM ONpPeAeNeHHOro 3HaKa
BeckoHeYHY0 NPON3BOAHYO, TO 3Ta NPOM3BOAHANA
paBHa HYAI.

MA, Mogynb 3, Jlekyusa 3.2



HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

LlokazaTenbCcTBo
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

LlokazaTenbCcTBo

Myctb dyHkuus f(x) onpegeneHa B okpecTHOCTH
U(c) Toukn ¢ 1 NpuHNMaET B 3TOI ToYke
Hanbonbliee 3HaYeHNe.

MA, Mogynb 3, Jlekyusa 3.2




HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

LlokazaTenbCcTBo

Myctb dyHkuus f(x) onpegeneHa B okpecTHOCTH
U(c) Toukn ¢ 1 NpuHNMaET B 3TOI ToYke
Hanbonbliee 3HaYeHNe.

Torpa Vx € U(c) f(x) < f(c).

MA, Mogynb 3, Jlekyusa 3.2



HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,

f(x) — f(c)

X—C

0 (1)

ecnm x < ¢, 10
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
f(x)—f
ecnn x < ¢, TO b = () >0 (1)
X—c
f(x)—f
ecim X > ¢, To b)) = () <0 (2
X—c
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
f(x)—f
ecnn x < ¢, TO b = () >0 (1)
X—cC
f(x)—f
ecim X > ¢, To b)) = () <0 (2
X—c

[lepeiigst kK Npegeny B AaHHbIX HEPABEHCTBAX MpW
X — C, NOJy4uMm
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
f(x)—f
ecnn x < ¢, TO b = () >0 (1)
X—cC
f(x)—f
ecim X > ¢, To b)) = () <0 (2
X—c

[lepeiigst kK Npegeny B AaHHbIX HEPABEHCTBAX MpW

X — C, NOJy4YuMm
(1) = f'(c) >0
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
f(x)—f
ecnn x < ¢, TO b = () >0 (1)
X—cC
f(x)—f
ecim X > ¢, To b)) = () <0 (2
X—c

Mepeligs k npegeny B faHHbIX HEpPaBEHCTBaxX Npu

X — €, NoAy4uM
(1) = f'(c) >0
(2) = f'(c) <0
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HpOVI3BO,£I,HaFI B SKCTPEMAJIbHbIX TOYKaX

CoOTBETCTBEHHO,
f(x)—f
ecnn x < ¢, TO b = () >0 (1)
X—cC
f(x)—f
ecim X > ¢, To b)) = () <0 (2
X—c

[lepeiigst kK Npegeny B AaHHbIX HEPABEHCTBAX MpW
X — C, NOJy4uMm
(1) = f'(c) >0

(2) = F(c) < 0 = f'(c)=0. W

MA, Mogynb 3, Jlekyusa 3.2



TeopeMbl 0 CpeHUX 3HAYEHNSAX
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema Ponns)*
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema Ponns)*

MycTb dbyHkums f(x) yROBAETBOPSIET YCIOBUAM:
1) HenpepbiBHa Ha oTpeske [a, b],

2) umeeT Ha uHTepBane (a, b) KoHeuHytO nn
OnpefeneHHoro 3Haka becKOHeUHyo
NPOU3BOAHY!O,

3) f(a) = f(b).

Torga Jc € (a,b) : f'(c) =0.

MA, Mogynb 3, Jlekuuns 3.2 5/ 26



TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo

Mockonbky f(x) € Cla, b], To oHa gocTuraet Ha
[a, b] cBoero Haubonbwero M v HanmeHbliero m
3Ha4eHnit no Teopeme BeliepwTpacca gns
byHKLMN, HENPEPLIBHOMN Ha OTPE3KE.

MA, Mogynb 3, Jlekyusa 3.2



TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:

) m=M
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:

) m=M

Y

m=M|--
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:

) m=M

Y

m=M|--

Torga f(x) = const
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:

l)m=M

Y

m=M|--

Torga f(x) = const = Vx € (a, b) :

MA, Mogynb 3, Jlekyusa 3.2



TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:

2)m+#M
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:
2)m+# M
Y A

M

QFk--
@--
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Bo3amoxxHbI cnyyau:
2)m+# M
Y A

M

a b x

Ha uHTepgane (a, b).
MA, Mogynb 3, Jlekuns 3.2 8/ 26



TeopeMbl 0 CpeHUX 3HAYEHNSAX

Mycte M gocTtnraetcs Ha (a, b), T.e.
M = f(c),c € (a, b).
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Mycte M gocTtnraetcs Ha (a, b), T.e.
M = f(c),c € (a, b). Toraa no teopeme Pepma
f'(c)=0 1

MA, Mogynb 3, Jlekuuns 3.2 9 /26



TeopeMbl 0 CpeHUX 3HAYEHNSAX

[eomeTpuyeckas nHTeprnpeTaLns TEOPEMBbI:
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

[eomeTpuyeckas nHTeprnpeTaLns TEOPEMBbI:

y A
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

[eomeTpuyeckas nHTeprnpeTaLns TEOPEMBbI:

y A I'oprn3oHTalibHas KacaTenbHas

/ f'(c)=0

<
o

MA, Mogynb 3, Jlekyusa 3.2




TeopeMbl 0 CpeHUX 3HAYEHNSAX

Ecan dynkums f(x) yaosnetsopsiet Bcem
ycnoBusim Teopembl Ponnsi, To Ha nHTepsane
(a, b) cywecTByeT TouKa, B KOTOPOIi 3Ta
(byHKLMS UMEET FOPUBOHTAJIbHYIO KaCaTesbHYHO.

MA, Mogynb 3, Jlekuus 3.2 11 / 26



TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema JlarpaHxa, Teopema o
KOHEYHbIX NpupatyeHnsix)™*
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema JlarpaHxa, Teopema o
KOHEYHbIX NpupatyeHnsix)™*

Ecnu dyrkuns f(x) HenpepbiBHa Ha oTpeske

[a, b] n B Kaxxgoii Touke nnTepsana (a, b) umeer
KOHEYHYIO WJIN OMpefeNeHHOro 3Haka
DEeCKOHEYHYIO NMPOU3BOAHYIO, TO

f(b) — f(a)
b—a

dc € (a, b) : = f'(c)

MA, Mogynb 3, Jlekyusa 3.2



TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo
PaccmoTpum BCoMOraTeNibHyto OyHKLUIO

F(x) = f(x) — f(a) - f(bg ~E )

— d

MA, Mogynb 3, Jlekyusa 3.2



TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo
PaccmoTpum BCoMOraTeNibHyto OyHKLUIO

f(b) —f
F(x) = F(x) — (a) — Z @) —a)
—a
Dyrkums F(x) yooBneTBopsieT BCEM YCI0BUSIM
Teopembl Ponns.

MA, Mogynb 3, Jlekuus 3.2 13 / 26



TeopeMbl 0 CpeHUX 3HAYEHNSAX

LlokazaTenbCcTBo
PaccmoTpum BCoMOraTeNibHyto OyHKLUIO

f(b) —f
F(x) = F(x) — (a) — Z @) —a)
—a
Dyrkums F(x) yooBneTBopsieT BCEM YCI0BUSIM
Teopembl Ponns.

= Jc e (a,b): F'(c)=0.

MA, Mogynb 3, Jlekuus 3.2 13 / 26



TeopeMbl 0 CpeHUX 3HAYEHNSAX
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

FI(X) _ f/(X) . f(bg : :-(a)7
Fle) = £(e) - (2L =12
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

FI(X) _ f/(X) . f(bg : :-(a)7
F(c) = f(c) — f(bl)) - Z(a) —0

MA, Mogynb 3, Jlekyusa 3.2




TeopeMbl 0 CpeHUX 3HAYEHNSAX

FI(X) _ f/(X) . f(bg : ‘:‘(a)7
F(c) = f(c) — f(bl)) - Z(a) —0
= flie) = 1O =10

MA, Mogynb 3, Jlekyusa 3.2




TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema Kowwn)
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TeopeMbl 0 CpeHUX 3HAYEHNSAX

Teopema (Teopema Kowwn)

[MycTb pyHKuum f n g

1) HenpepbiBHbI Ha OTpe3ke [a, b,

2) UMELOT NMPON3BOAHBIE B KaXKAONA TOHKE
nHTepsana (a, b),

3) g’ # 0 Bo BCex Toukax uHTepsana (a, b).

Torpa
f(b) —f(a) _ f'(c)

g(b) —gla) g'(c)

MA, Mogynb 3, Jlekyusa 3.2

dc € (a, b) :




[1paBuno JSlonutans
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[1paBuno JSlonutans

[Mpasuno JlonuTans - 310 cnocob HaxoXaeHUs
npefenos PyHKUWA Yepe3 nx NMpoun3BOAHbLIE.
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[1paBuno JSlonutans

[Mpasuno JlonuTans - 310 cnocob HaxoXaeHUs
npefenos PyHKUWA Yepe3 nx NMpoun3BOAHbLIE.
PaccMoTpyM YacTHbIA cnyYail packpbliTUs

HEOMPEAENEHHOCTMH (8)
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[1paBuno JSlonutans

Teopema (npasuno Jlonutans)*
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[1paBuno JSlonutans

Teopema (npasuno Jlonutans)*

Mycte dyrkumm f(x) n g(x)

1) HenpepbiBHbI 1 AnddepeHumMpyembl Ha
nutepsane (a, b),

2l ) = I ()=
S)Vxé(f/()) g'(x) #0,

4) 3 th]—i-o g'(x) =K /
Torpa lim f(X) = lim fix)

x—a+0 g( ) x—a+0 g’(x)
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[1paBuno JSlonutans

LlokazaTenbcTBo
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[1paBuno JSlonutans

LlokazaTenbcTBo

Hoonpegenum dyrkunn f(x) n g(x) B Touke
x = a, nonoxus f(a) = g(a) = 0.
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[1paBuno JSlonutans

LlokazaTenbcTBo
Hoonpegenum dyrkunn f(x) n g(x) B Touke
x = a, nonoxus f(a) = g(a) = 0. B atom

cnydae dyHkuun f(x) n g(x) craHossTcs
HEMPEPBLIBHLIMU B TOYKE a.
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[1paBuno JSlonutans

LlokazaTenbcTBo
Hoonpegenum dyrkunn f(x) n g(x) B Touke
x = a, nonoxus f(a) = g(a) = 0. B atom

cnydae dyHkuun f(x) n g(x) craHossTcs
HEMPEPBLIBHLIMU B TOYKE a.

= f(x) n g(x) HaunHatoT yBOBNETBOPSATL BCEM
ycnosusim Teopembl Kowu Ha ntobom oTpeske
[a,x], rae a < x < b.

MA, Mogynb 3, Jlekuus 3.2 18 / 26



[1paBuno JSlonutans
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[1paBuno JSlonutans

f(x)
g(x)

= Jc(x) € (a,x) : E
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[1paBuno JSlonutans
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[1paBuno JSlonutans

fix) _ flx)—f(a)
(X) g(a)
f(c(x))
g'(c(x))

Tak kak a< c < x, 170 lim ¢ = a.
x—a+0

Torpa no TeopeMe 0 3aMeHe NepeMeHHol B

= Jc(x) € (a,x) :

N— | /| N

(1)

npefene NMeem:
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[1paBuno JSlonutans

= Jc(x) € (a,x) : f X) g; ;((Z

f(c(x))
g'(c(x))

Tak kak a< c < x, 170 lim ¢ = a.
x—a+0

Torpa no TeopeMe 0 3aMeHe NepeMeHHol B

N— | /| N

(1)

npegene UMeeMm:
£l £l
K= fim 146 _ iy Fleb))
c—a+0 g’(c) x—a-+0 g’(c(x))

MA, Mogynb 3, Jlekyusa 3.2



[1paBuno JSlonutans

= no paseHcTay (1)
. f(x) .
lim —= = I|im

PTogl) o gi(c(x)

Plet)
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[1paBuno JSlonutans

= no paseHcTay (1) /
jm )y £leb)) e

x—a+0 g(x) x—+a+0 g’(c(x))

[
X

. (%)
[lo ycnosuto 4 Teopembl  lim
x—a+0 g’(x)
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[1paBuno JSlonutans

= no paseHcTay (1) /
jm )y £leb)) e

x—a+0 g(x) x—+a+0 g’(c(x))

. (%)
Mo ycnoeunto 4 Teopembr lim ——= = K.
x—a+0 g (x)
f f’
= lim ﬁ = lim () |

x—a+0 g(x) x—a+0 g’(x)
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[1paBuno JSlonutans

ObLuynii cay4aii:
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[1paBuno JSlonutans

ObLuynii cay4aii:
f(x) 0 oo

i ’ f'(x)
im—— = | = = lim
x—a g(x) 0’ 0o xX—a g’(x)’

rie a - 3TO KOHEYHOE YMNCAO0 WM OfHA U3
beckoHeYHOCTel.

MA, Mogynb 3, Jlekyusa 3.2




[Mopsgok pocta dyHKLuMiA
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[Mopsgok pocta dyHKLuMiA

Onpegenexne

[oBOPAT, 4TO beckoHe4HO bonblias npu x — a
cpyHKkuns f(x) nmeer Bonee BbICOKWMIA
NOPSAOK POCTa, 4eM beckoHe4Ho bosbLuas
npn x — a dyHkuus g(x), ecan

MA, Mogynb 3, Jlekuus 3.2 22 /26



[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
Xn
1) lim —
x—+o00 |n x
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:

_ x" 00
1) lim — = (——)
x—+00 |n x 00
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi: ,
1) tim 25— (2 =y B

x——+00 |n x
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
. N 50 . (Xn)/
1) lim —=(—] = Ilim .=
x—+00 In x 00 x—+00 (In x)
' an—l
= lim
X—+00 ]_/X

MA, Mogynb 3, Jlekyusa 3.2



[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X" 00 . (X"
1) lim —=(—) = lim —— =
x—+00 In x 00 x—+00 (In x)
ot )
= lim = lim nx
X—+00 ]_/X X—+00
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
. X" 50 . (Xn)/
1) lim —=(—) = lim —— =
x—+00 In x 00 x—+00 (In x)
. onx"l . .
= lim = lim nx" =400
X—+00 ]_/X X—+00
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
. a

2) lim —
x——+oo xN

X
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
. af o0
2) lim — = (——)
x—+00 X" o0
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi: /
2) lim 3—2:(99) = lim ()

x—+o0 xN
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X XY/
2) lim a_: (E) = |im (a) —
x—+o0 XN 00 x—Fo00 (x7)!
a*lna

— fim 2
x—+o00 nxn—
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X X/
2) lim a_: (E) = |im (a) —
x——+oo xN o0 X——+00 (X”)’

_ a*lna 00
= lim — ==
x——+o00 nx"— o0
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X xX\/
2) tim 2= () = im T
x—+00 X 00 x—Fo00 (x7)!

)
(a*Ina)

’ a*lna (OO) i
x—-+oo nx"1 00 x—+oo (nxn-1)
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X xX\/
2) lim a_: (E) = |im (a) —
x—+o0 XN 00 x—Fo00 (x7)!
. a%lna 00 . (a¥Ina)
— dim 2RE () = him N~
x—+oo nxN—1 00 X—>+00 (an—l)/

2In? 3

- thoo n(n — 1)x"—2
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X xX\/
2) lim a_: (E) = |im (a) —
x—+o0 XN 00 x—Fo00 (x7)!
. a%lna 00 . (a¥Ina)
— dim 2RE () = him N~
x—+oo nxN—1 00 X—>+00 (an—l)/

2In? 3

- thoo n(n — 1)x"—2 o
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
a

X
2) lim — = (E) = lim =
x——+oo xN o0 X——+00 (X”)’

. a%lna 00 . (a¥Ina)
= lim ——=(—) = lim =
x—-+oo nx"~1 00 x—+oo (nx"—1Y

’ aIn® a
= lim = .=
x—+00 n(n — 1)x"—2
. a‘In"a
= lim ——

X—r=+00 n!
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[Mopsgok pocta dyHKLuMiA

[Tpumepsi:
X xX\/
2) lim Sl (E) = lim (")
x——+oo xN o0 X——+00 ( ”)’
a¥Ina 00 (a*Ina)"
= lim —— = (—) = lim
x—+oo nxN—1 00 x—o00 (X"~ 1)
_ a*In° a B
~ xoioo n(n— 1)x"~ 2 T
. a‘In"a
= lm ——=+400,a>1

X—r=+00 n!
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[Mopsgok pocta dyHKLuMiA

[TokasaTenbHas yHKUUS pacTeT bbicTpee
CTEMeHHOM, a CTeneHHast PYHKLUWSA pacTeT
bbicTpee norapuMNYeCKOii.
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[Mopsimok pocta dyHKLMiA

60 "
x2
40 In(x)
20
0
1 3 5
X
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